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Abstract. Informally, asequentiatlynamicalsystem(SDS)consistsof anundi-
rectedgraphwhereeachnodev is associatedvith a states,, and a transition
function f,,. Giventhestatevalues, andthoseof theneighborof v, thefunction
f» computesthe next value of s,. The nodetransitionfunctionsare evaluated
accordingto a specifiedtotal order Sucha computingdevice is a mathemati-
cal abstractiorof a simulationsystem We addresghe compleity of somestate
reachabilityproblemsfor SDSs.Our mainresultis a dichotomybetweerclasses
of SDSsfor whichthestatereachabilityproblemsarecomputationallyntractable
andthosefor whichtheproblemsareefficiently solvable. Theseresultsalsoallow
usto obtainstrongetower boundsonthecompleity of reachabilityproblemsfor
cellularautomataandcommunicatingstatemachines.

1 Intr oduction and motivation

We studythe computationatomplexity of somestatereachabilityproblemsassociated
with a new classof finite discretedynamicalsystemsgcalled Sequential Dynamical
SystemgSDSs) proposedn [BR99,BMR99]. Informally, an SDSconsistof anundi-
rectedgraphwhereeachnodev is associateavith a states,, anda transitionfunction
f»- Giventhe statevalue s,, andthoseof the neighborsof v, the function f,, computes
thenext valueof s,,. Thenodetransitionfunctionsareevaluatedaccordingo aspecified
totalordet A formal definitionof anSDSis givenin Section2.
SDSsarecloselyrelatedto classicalCellularAutomata(CA), awidely studiedclass
of finite discretedynamicalsystemsusedto modelproblemsin physicsand complex
systemsComputabilityaspect®f dynamicalsystemsn generalandcellularautomata
in particularhave beenwidely studiedin theliterature(seefor example [W086,Gu89).
Dynamicalsystemsrecloselyrelatedto networks of communicatingautomatatransi-
tion system@&ndsequentiatligital circuits(seefor example [Ra92AKY99,RHI93Hu73).



In this paperwe will restrictourselesto Simple-SDSghatis, SDSswith the fol-
lowing additionalrestrictions:(i) the stateof eachnodeis Booleanand(ii) eachlocal
transitionfunctionis Booleanandsymmetric.Our hardnesgesultshold evenfor such
simple-SDSsandthusimply analogousardnessesultsfor moregeneraimodels.

We studythe computationatomplexity of determiningsomepropertiesof SDSs.
The propertiesstudiedinclude classicalguestionssuchasreachability(“Does a given
SDSstartingfrom configuratiorC everreachconfiguratiorC’?”) andfixedpoints(“Does
agivenSDShave aconfigurationC suchthatonceC is reachedthe SDSstaysin C for-
ever?”) thatarecommonlystudiedby the dynamicalsystemsommunity Specifically
we investigatewhethersuchpropertiescan be determinedefficiently using computa-
tional resourceshatare polynomialin the sizeof the SDSrepresentation.

The original motivation to develop a mathematicabnd computationaltheory of
SDSswasto provide aformal basisfor the designandanalysisof large-scalecomputer
simulations Becauseof the widespreaduseof computersimulations,it is difficult to
give a formal definition of a computersimulationthatis applicableto all the various
settingswhereit is used.An importantcharacteristioof ary computersimulationis
the generationof global dynamicsby iteratedcompositionof local mappings.Thus,
we view simulationsas comprisedof the following: (i) a collection of entitieswith
statevaluesandlocal rulesfor statetransitionsii) aninteractiongraphcapturingthe
local dependeng of an entity on its neighboringentitiesand (iii) anupdatesequence
or schedulesuchthat the causalityin the systemis representedby the composition
of local mappings Reference$BW0O95BB+99] shav how simulationsof large-scale
transportatiorsystemsandbiological systemsanbe modeledusingappropriateSDSs.

Following [BPT91], we saythata systemis predictablef basicpropertiessuchas
reachabilityandfixed point existencecanbe determinedn time thatis polynomialin
the sizeof the systemspecification Our PSPACE-completenessesultsfor predicting
thebehavior of “very simple” systemsessentiallymply thatthe systemsarenot easily
predictable;in fact, our resultsimply that no predictionmethodis likely to be more
efficient thanrunning the simulationitself. The resultsherecanalsobe usedto shav
thatevensimple SDSsare“universal”in thatany reasonablenodelof simulationcan
be “efficiently locally simulated”by appropriatéSDSsthatcanbe constructedn poly-
nomialtime. The modelsinvestigatednclude cellularautomatacommunicatindinite
statemachinesmulti-variatedifferenceequationsetc.

We undertale the computationaktudy of SDSsin an attemptto increaseour un-
derstandingf SDSsin particularandthe complex behavior of dynamicalsystemsn
general.SDSsare discretefinite analogsof classicaldynamicalsystemsandwe aim
to obtaina betterunderstandingf “finite discretecomputationabnalogsof chaos”.As
pointedoutin [BPT91,M090,M091], computationalntractability or unpredictabilityis
theclosestform of chaoticbhehaior thatsuchsystemsanexhibit. Extendingthe work
of [BPT91], we prove a dichotomyresultbetweenclasseof SDSswhoseglobal be-
havior is easyto predictandothersfor which the globalbehaior is hardto predict.In
[Wo86€], Wolfram posedthe following threegeneralquestionsn the chapterentitled
“Twenty Problemsin the Theory of Cellular Automata”: (i) Problem 16: How com-
monare computationaluniversality and undecidabilityin CA? (ii) Problem 18: How
commonis computationalirreducibility in CA? (iii) Problem 19: How commonare



computationallyintractableproblemsabout CA? The resultsobtainedhereandin the
companionpapergdBH+013BH+01hBH+01q for SDSs(andfor CA asdirectcorol-
laries)shaw thatthe answerto all of the above questionds “quite commofi. In other
words, it is quite commonfor synchronousswell assequentialynamicalsystemso
exhibit intractability. In fact, our resultsshav that suchintractability is exhibited by
extremelysimpleSDSsandCA.

2 Definitions and problem formulation

2.1 Formal definition of an SDS

As statedearlier, we will restrictour selvesto SimpleSDSs.(Unlessotherwisestated,
we use“SDS” to meana simple SDS.)Our definition closelyfollows the original defi-
nition of SDSin [BMR99].

A Simple Sequential Dynamical System(SDS) S is a triple (G, F,w), whose
componentsireasfollows:

1. G(V, E) is anundirectedgraphwithout multi-edgesor selfloops.G is referredto
astheunderlying graph of S. We usen to denote|V | andm to denote|E|. The
nodesof G arenumberedisingtheintegersl, 2, .. ., n.

2. Eachnodehasone bit of memory calledits state The stateof nodes, denoted
by s;, takeson a valuefrom F»= {0,1}. We used; to denotethe degreeof node
i. Further we denoteby N (i) the neighborsof node: in G, plus node: itself.
Eachnodes is associatedvith a symmetricBooleanfunction f; : ]Fg"+1 — T,
(1 <14 < n). Wereferto f; asalocal transition function. Theinputsto f; are
the stateof ¢ andthe statesof the neighborsof i. By “symmetric” we meanthatthe
function valuedoesnot dependon the orderin which the input bits are specified;
thatis, thefunctionvaluedepend®nly on how mary of its inputsarel. We useF
to denote{ f1, f2,.- ., fn}

3. Finally, 7 is a permutationof {1,2,...,n} specifyingthe orderin which nodes
updatetheir statesusing their local transitionfunctions. Alternatively, = can be
ervisionedasatotal orderon the setof nodes.

Computationallythe transitionof an SDSfrom one configurationto anotherinvolves
thefollowing steps:

for i=1to n do

(i) Noder (i) evaluatesf,; . (This computatiorusesthe currentvaluesof the state
of w(i) andthoseof the neighborsof 7 (i).)

(i) Nodew (i) setsits states ;) to theBooleanvaluecomputedn Step(i).
end-for

Statedanotherway, the nodesare processedn the sequentialorder specifiedby
permutationr. The“processing’associatedvith anodeconsistof computingthevalue
of thenodes Booleanfunctionandchangingts stateto the computedvalue.

A configuration of an SDSis a bit vector (b, bs, . . ., b,), whereb; is the state
valueof nodew;. A configurationC of anSDSS = (G, F, ) canalsobe thoughtof



asafunctionC : V — F,. Thefunctioncomputedoy SDSS, denotedoy Fg, specifies
for eachconfigurationC, the next configurationC’ reachedy S after carryingout the
updateof nodestatedn theordergivenby 7. Thus,Fg : F3 — F3 is aglobalfunction
on the setof configurationsThe function Fg canthereforebe consideredasdefining
the dynamicbehaior of SDSS. We alsosaythat SDSS movesfrom a configuration
C attime t to a configurationFg(C) attime (¢ 4+ 1). The initial configuration(i.e.,

the configurationat time ¢ = 0) of an SDSS is denotedby Z. Givenan SDSS with

initial configurationZ, the configurationof S after¢ time stepsis denotedby £(S, t).

We define¢(S, 0) = Z. For aconfigurationC, we useC (W) to denotethe statesof the
nodesn W C V andC(v) to denotethe stateof a particularnodev € V.

A fixed point of an SDSS is a configurationC suchthat Fig(C) = C. An SDSS
is saidto cyclethrougha sequencef configurationg(C,C, . .., C,) if F5(C1) = Ca,
Fs(C2) =Cs,...,Fs(Cr—1) = C,andFg(C,) = C;. Afixedpointis acycleinvolving
only oneconfiguration Any cycleinvolving two or moreconfigurationss calledalimit
cycle The phasespacePs of an SDSS is a directedgraphwith onenodefor each
configurationof S. For ary pair of configurationsC and(’, thereis a directededge
from thenoderepresenting to thatrepresenting’ if Fig(C) = C'.

2.2 Problemsconsidered

Given an SDS S, let |S| denotethe size of the representatiorf S. In general,this
includeshenumbernf nodesedgesandthedescriptiorof thelocaltransitionfunctions.
We assumehat evaluatingary local transitionfunction givenvaluesfor its inputscan
bedonein polynomialtime.

The main problemsstudiedin this paperdeal with the analysisof a given SDS,
thatis, determiningwhethera given SDS hasa certainproperty Theseproblemsare
formulatedbelow.

GivenanSDSS, two configurationg, B, andapositiveintegert, thet-REACHABILITY
problemis to determinewvhethersS startingin configuratioriZ canreachconfiguration
in t or fewertime stepslf ¢ is specifiedn unary it is easyto solve this problemin poly-
nomialtime sincewe canexecutethe SDSfor ¢ stepsandcheckwhetherconfiguration
B is reachecht somestep.So,we assumahatt is specifiedn binary.

GivenanSDSS andtwo configuration&, B, the REACHABILITY problemis to de-
terminewhetherS startingin configurationZ ever reacheshe configuration. (Note
that,for anSDSwith n nodeswhent > 2", t-REACHABILITY is equivalentto REACH-
ABILITY.) Givenan SDSS anda configurationZ, the FIXED POINT REACHABILITY
problemis to determinewhetherS startingin stateZ reaches fixedpoint.

2.3 Extensionsof the basicSDSmodel

As defined,the stateof eachnodeof an SDS storesa Booleanvalue and the local
transitionfunctionsaresymmetricBooleanfunctions.Whenwe allow the stateof each
nodeto assumevaluesfrom a domainD of a fixed sizeandallow the local transition
functionsto have D astheir range,we obtaina Finite Range SDS (FR-SDS).If the



statesmay storeunboundedraluesandthelocal transitionfunctionsmayalsoproduce
unboundedralueswe obtaina GeneralizedSDS(Gen-SDS).

Anotherusefulvariantis a SynchronousDynamical System(SyDS),anSDSwith-
outthenodepermutationin a SyDS,duringeachtime step,all thenodessyndironously
computeandupdatetheir statevalues.Thus,SyDSsaresimilarto classicalCA with the
differencethatthe connectiity betweercellsis specifiedby anarbitrarygraph.

The notion of symmetrycan be suitably extendedto functionswith non-Boolean
domainsaswell. In definingthe above modelswe did not attemptto relaxthe symme-
try propertyof local transitionfunctions.Dynamicalsystemsn which the local tran-
sition functionsarenot necessarilysymmetricareconsideredn the companiorpapers
[BH+013BH+01hBH+01d.

3 Summary and significanceof results

In this paper we characterizehe computationalcompleity of determiningseveral
phasespacepropertiesfor SDSsand CA. The resultsobtainedare the first suchre-
sultsfor SDSsanddirectly imply correspondindower boundson the complexity of
similar problemsfor variousclasse®f CA andcommunicatindinite statemachines.

Our mainresultis a dichotomybetweeneasyandhardto predictclasseof SDSs.
Specificallywe shav thatt-REACHABILITY, REACHABILITY andFIXED POINT REACH-
ABILITY problemsfor FR-SDSsare PSPFACE-complete Moreover, theseresultshold
evenif thelocal transitionfunctionsareidenticaland the underlyinggraphis a sim-
ple path. We further extend theseresultsto shav that the above three problemsre-
main PSFACE-completefor SDSs,evenwhenthe underlyinggraphis simultaneously
k-regular for somefixed &, bandwidthbounded(and hencepathwidthand treavidth
boundedyndthelocaltransitionfunctionsaresymmetric

In contrastto the above intractability results,we shav that theseproblemsare ef-
ficiently solvable for SDSsin which eachlocal transitionfunction is symmetricand
monotoneSpecifically we prove thatwheneachlocal transitionfunctionis a k-simple-
thresholdfunction' for somek > 0, theseproblemscanbe solvedin polynomialtime.

As a partof our methodologywe alsoobtaina numberof “simulation” resultsthat
shav how to simulateonetype of SDS (or CA) by anothertypically morerestricted
type of SDS (or CA). Thesesimulationresultsmay be of independeninterest.For
instancewe shaw (i) how a given FR-SyDSwith local transitionfunctionsthatarenot
necessarilypymmetriccanbe efficiently simulatedby a SyDS,and(ii) how aSyDScan
besimulatedby anSDS.

Theresultspresentedhereextenda numberof earlierresultson the complexity of
problemsfor CA andalsohave otherapplications We briefly discusgheseextensions
andtheir significancebelow.

ReferencdRH93] shows the EXPSPACE-hardnes®f local STATE REACHABIL-
ITY problemsfor hierarchically-specifiedinearly inter-connectedcopiesof a single
finite automaton.The constructionspresentechere imply that variouslocal STATE

! The k-simple-thresholdunction hasthe value1 iff atleastk of its inputsare1. Corventional
definition of thresholdfunctionsassociatea weightwith eachinput [Ko7(. We usethe sim-
plified form whereall inputshave the sameweight.



REACHABILITY problemsarealsoEXPSPACE-hard,for hierarchically-specifiedénd
bandwidth-boundedetworks of simple SDSs.Usingideasfrom [SH+96€, this lastre-
sult implies that determiningary simulationequivalencerelationor pre-orderin the
Lineartime/Branching-timénierarchiesof [vG90,vG93 is EXPSPACE-hardfor such
hierarchically-specifiedetworks of simpleSDSs.

Ourreductionsarecarriedout startingfrom the acceptanc@roblemfor determin-
istic linear spaceboundedautomata(LBAs) and are extremely efficient in terms of
time and spacerequirementsSpecifically thesereductionsrequire O(n) spaceand
O(nlogn) time. Thustheseresultsimply tight lower boundson the deterministicime
andspaceequiredto solve theseproblems.

The resultsin [Su95Su9Q prove the PSFACE-completenesef REACHABILITY
andFIXED POINT REACHABILITY problemsfor CA. Thesepapersdo not addresghe
effect of restrictingthe classof local transitionfunctionsor restrictingthe structureof
the underlyinggraphon the complexity of theseproblems.Our resultsextend these
hardnessesultsto muchsimplerinstancesandalsoprovide thefirst stepin proving re-
sultsthatdelineatepolynomialtime solvableandcomputationallyintractablenstances.

Theresultspresentedherecanbe contrastedvith the work of Buss,Papadimitriou
and Tsitsiklis [BPT91] on the compleity of ¢-REACHABILITY problemfor coupled
automataTheiridentity-independencassumptionis similar to our symmetricfunction
assumptionexceptthatthey consideffirst orderformulas.In contrasto thepolynomial
time solvability of the reachabilityproblemfor globally controlled systemsof inde-
pendentautomatdBPT91], our resultsshav that a small amountof local interaction
sufficesto make the reachabilityproblemcomputationallyintractable.Our reduction
leadsto aninteractiongraphthatis of constantiegree bandwidthboundedandregular.

Otherthan [BPT91], papersthat are most relevant to our work are the follow-
ing. Reference$BMR99,BMR0O0O,MR99,Re0QRe00aLP0( investigatemathematical
propertieof sequentiatlynamicalkystemsSutne{Su89Su9QSu93 andGreenGr87]
characterizeéhe complexity of reachabilityand predecessogxistenceproblemsfor fi-
nite CA. Moore[M090,M091] makesanimportantconnectiorbetweerunpredictability
of dynamicalsystemsandundecidabilityof someof their properties The modelscon-
sideredherearealsorelatedto discreteHopfield networks [FO0O0 GFP85BG8S.

Alur etal (seefor example[AKY99]) considerthe complexity of several problems
for hierarchicallyspecifiedccommunicatindinite statemachinesSDSscanbeviewedas
very simplekinds of concurrenstatemachinesMoreover, the hardnesgroof obtained
here can be extendedto obtain EXPSPACE-hardnesswhenwe have exponentially
mary simpleautomatgverticesin our case)oinedto form abandwidthboundedyraph.
This resultsignificantlyextendsa numberof known resultsin theliteratureconcerning
concurrentfinite statemachinesby shaving that the hardnesgesultshold even for
simpleclasse®f individual machines.

Quadratiadynamicalsystemsareavariantof discretedynamicalsystemshataimat
modelinggeneticalgorithms.In [ARV94] it is shovn thatsimulatingquadratiocdynam-
ical systemds PSPACE-hard;specifically it is shavn thatthe ¢t-reachabilityproblem
for suchsystemss PSPACE-completeevenwhent is specifiedn unary



4 Complexity of reachability problems

4.1 Road map for the reductions

In this sectionwe prove our mainhardnessheoremconcerninghet-REACHABILITY,
REACHABILITY andFIXED POINT REACHABILITY problemsfor SDSs.

Theorem1. (Main hardnesstheorem) Thet-REACHABILITY, REACHABILITY and
FIXED POINT REACHABILITY problemsfor SDSswith symmetricBooleanfunctions
are PSPACE-hard, evenwhen(i) eac nodeis of constantdegree and the graph is
regular (i.e. all nodeshavethesamedegree),(ii) the pathwidthandhencethetreewnidth
of the graph is boundedby a constant,and (iii) all the nodeshaveexactly the same
symmetridBooleanfunctionassociatedvith them.

Overall proofidea: Theproofof theabosetheorenmnis obtainedhroughaseriesof local
replacementype reductions(steps).The reductionsinvolve building generalgadgets
thatmay be of independeninterest.

Step1l: First,by adirectreductionfrom theacceptancproblemfor aL INEAR BOUNDED
AUTOMATON (LBA) we canshow that the t-REACHABILITY, REACHABILITY and
FIXED POINT REACHABILITY problemsfor FR-SyDS(finite CA) and FR-SDSare
PSPACE-hard even underthe following restrictionsapplied simultaneously(i) The
graphG is aline (which haspathwidthandtreewidth of 1). (i) The numberof dis-
tinct local transitionfunctionsis at mostthree.(iii) The domainof eachfunctionis a
smallconstantdependingnly onthesizeof the LBA encoding.Thisresultis statedas
Theorem? below; the proofis omitted.

Theorem 2. (Stepl:) Thet-REACHABILITY, REACHABILITY andFIXED POINT REACH-
ABILITY problemsfor FR-SyDYCellular Automata)and FR-SDSare PSPACE-hard,
evenwhenrestrictedto instancesudthat: (i) ThegraphG is aline graph(andthushas
pathwidthandtreewidth of 1), and(ii) Thenumberof distinctlocal transitionfunctions
is at mostthreg and (iii) Thesizeof thedomainof eat functionis a smallconstant.m

Step 2: Next, we shav how to transformtheseproblemsfor FR-SyDSinto the cor
respondingproblemsfor SyDSin which the maximumnodedegreeis bounded.See
Section4.2.

Step 3: Next, we shav how a SyDScanbe simulatedby an SDSwherethe maximum
nodedegreeis bounded(The underlyinggraphof the SDSmay not be regularandthe
localtransitionfunctionsmay not beidentical.)

Step4: Finally, we shav how to transformthe SDSobtainedn Step3 into anothelSDS
whoseunderlyinggraphis regular and whosenodefunctionsare all identical (same
functionandsamedegree).

For reason®f spacewe omit the constructionglludedto in Steps3 and4.

4.2 SyDSwith symmetric Booleanfunctions: Step2

Definition 1. Givenk > 1, adistance-k coloring of agraphG(V, E) is anassignment
ofcolorsh : V — {0,1,2,...,|V| — 1} to thenodesof G sud thatfor all u,v € V
for which the distancebetween, andv is at mostk, h(u) # h(v).



Proposition1. A graph G(V, E) with maximumdegree A can be distance2 colored
usingat mostA2 + 1 colors, and sud a coloring can be obtainedin polynomialtime
Thus for agraphwhosenodedegreesare boundedy a constantand,in particular, for
regular graphsof constantdegreg the numberof colors usedfor distance-Zoloringis
aconstant. [ |

Theorem 3. For a givenyu and A, considerthe classof FR-SyDSavhele the size of

the statedomainof eadh nodeis at mosty and the degreeof eac nodeis at mostA.

Thee is a polynomialtime reductionfrom a FR-SyDSS = (G, F) in this classand
configumationsZ and B for S to a usual (having symmetricBooleanfunctions)SyDS
S1 = (G1, F1) andconfiguationsZ; and B, for S; sud that

1. S startingin configuiationZ readesB iff S; startingin configurationZ; reades
B1. Moreover, for each t, S readesB in t stepsff Sy readesB; in t steps.

2. S startingin configuation Z readesa fixed point iff S; startingin Z; reacdesa
fixedpoint.

Proofsketch: Givens, thereductiorfirst constructadistance2 coloringh of G, using
atmostA? + 1 colors,wherethe colorsareconsecutie integers,beginningwith zero.
Thefactthath is adistance2 coloringis notusedin the constructiorof S; from S, but
is crucialto the correctnessf thereduction.

Next, given graphG(V, E) and coloring h, graphG1(V1, E1) is constructedas
follows. For eachnodezy, € V, thereare (u — 1) ®*) nodesin V;. We referto these
nodesa3x§j, 1 <i<pandl < j < ph@e) Informally, correspondingo a node
zp, of S, V4 containsy — 1 setsof nodes(which we call clumpg, eachof cardinality
p@e) For agivennodez; € V, clump X} refersto thenodesz . 1 <r < ph(es),
Additionally, we will useX* = X} U XJ ... U X¥_, to denotethe setof all nodesin
V41 correspondindo z.. E; consistof thefollowing two kindsof edgesfor eachnode
z), € V,thenodesin X* form acompletegraph.Eachedge{zy, z.} € E is replaced
by a completebipartite graphbetweenthe setsof nodesusedto replacethe nodeszy,
andz,.

Beforespecifyingthe constructiorof thelocal transitionfunctionsof Sy, we define
the following mappingyy, for eachnodez; € V. Supposehatnodez; € V has
neighborsy,, .. .,yq in G. We definefunctiony, : N — pdt! (whereN is the set

of nonneative integers)asfollows: ¢, (w) = {co,c1,...,cq), Wherein the baseu
representatioof w, ¢q is the coeficient of u"(“), andc,, 1 < r < d, isthecoeficient
of uh(yr)_

The functionsin the set F; aredefinedasfollows. We ervision the statedomain
of S to betheintegers0,1,...,u — 1. Considera nodexfJ in X* anda vectora of
Booleaninput valuesfor fz . Supposeéhatin «, exactly w of theinput parameterso
fa E areequalto 1. Supposef“ from F is the local transitionfunction at node x,.
Thenf ( ) = 1iff fu, (¥(w)) > i. In thereductionof S to Sy, function f, b is
representedby specifyingthe subsetof countsof input parametersaking value 1for
which the outputequalsl.

We now definethefollowing mappingg from the configurationf S to the config-
urationsof S;, g : ¥V — 2%1. Considera configuration4 of S andnodez; € V. In



configurationg(A) of Sy, thenodesin thefirst A(z;,) clumpsof X* have statevaluel,
andthenodesn theotherclumpsof X* have statevalue0. More preciselyfor 2, € V,
1<i<p, 1<5<ph®), g(A)(ah) = 1iff A(zy) > i.

ThereductionconstructsZ; asg(Z), andB; asg(B). This completeshe construc-
tioninvolvedin thereduction.Thecorrectnessf this constructioris basedn shaoving
thatthe phasespaceof S is embeddedisa subspacef the phasespaceof S, sothat
S1 canbe usedto simulateS. First, we specifywhich configurationsof S; arein this
subspace.

DefineaconfigurationA4 of S; to beproperif for all &, 4, j, p, g,

(A(zf;) =1 and i > p) = A(zk ) =1.

In otherwords,a configurationA4 of &; is properif thevalueatary nodein clump/"(j’c
equalto 1 impliesthatall nodesin clumps X, X, ..., X} arealsol. Thefollowing
claim providesanimportantpropertyof the mappingg.

Claim 4.1: Mapping g is a bijection betweenthe configurationsof S andthe proper
configurationsof S;.

ForamappingD of asetof statesnto Boolearvalueswelet |D| denotethenumber
of 1'sin D. We alsotake the notationalliberty of identifying an assignmenbf state
valuesto a setof nodeswith the vectorof valuesrepresentinghe assignmentAlso,
recallthat N (x) denotegheneighborf nodez, plusnodez itself. For aconfiguration
C andsetof nodesiV, C(W) denotegherestrictionof C to W.

Claim 4.2: For aconfiguratiorC of S, nodex; of V', andnodez}; of X*, C(N (z)) =
Ui (lgC) (N (z§;))).

We now stateour key claim, which saysthatS; properlysimulatesS.
Claim 4.3: For every configurationd of S, Fg (9(A)) = g(Fg(A)).

Now, the following claim completesthe proof of Theorem3. The claim can be
provenusingthe above claimsandinductionon ¢.

Claim 4.4: Let S andS; be asdefinedabove. ConsiderS startingin configurationZ
andS; startingin configurationg(Z). Then(1) V¢ > 0, £(S1,1) is proper (2) Vi > 0,
£(S1,t) = g(&(S, 1)) L

5 Polynomial time solvable cases

In this sectionwe prove that t-REACHABILITY, REACHABILITY and FIXED POINT
REACHABILITY problemsarepolynomialtime solvablefor k-simple-threshold-SDSs,
thatis, SDSsin which eachlocal transitionfunctionis a k-simple-thresholdunctionfor
somek > 1. Sinceeachsymmetricnonotondunctionis a k-simple-thresholdunction
for somek, thesepolynomialtime resultsprovide the dichotomybetweenwo classes
of SDSs:onewith symmetriclocal transitionfunctionsandthe otherwith symmetric
monotonelocal transitionfunctions. Someremarksregardingthe generalityof these
polynomialalgorithmsareprovidedatthe endof this section.

Definition 2. A k-simple-thr eshold SDSis an SDSin which thelocal transitionfunc-
tion at each nodew; is a k;-simple-thesholdfunction,whee 1 < k; < min{k, §; +1}.
Here, §; is thedegreeof nodev;.



Theorem4. For anyk-simple-theshold-SDS, < k < n, theproblemg-REACHABILITY,
REACHABILITY andFIXED POINT REACHABILITY canbesolvedby executingat most
3m /2 stepsof thegivenSDS whete m is thenumberof edgesin the underlyinggraph.

Proof sketch: The proof of the theoremis basedon a potentialfunctionargument.A
similar approachs usedin [GFP8] to establishthe corvergencerateandto boundthe
transientengthof discreteHopfield networkswith thresholdgates.

Givenan SDSwith underlyinggraphG(V, E), we assigna potentialto eachnode
andeachedgein G. For the remainderof the proof, we usek, to denotethe thresh-
old value requiredfor a nodewv to becomel. For eachnodev defineT;(v) = k,
and T'(v) = ¢, + 1. Recallthat s, denotesthe stateof nodewv. Thuss, = 1 iff at
leastT’ (v) of its inputsarel; s, is 0 otherwise Anotherinterpretatiorof T} (v) is that
it is the smallestinteger suchthat s, mustbe assignedL if T;(v) of v's inputs have
valuel. Usingthis analogy defineTy (v) to bethesmallesintegersuchthats, mustbe
assigned if To(v) of theinputsto v have value0. Thefollowing obsenationis aneasy
consequencef the definitionsof k,-simple-threshold](v) andT; (v): For ary node
v eV, Ti(v) + To(v) = T'(v) + 1. Definethe potential P(v) atanodev asfollows:

Pw)=Ti(v)if s, =1
=To(w) if s, =0

The following is an easyconsequencef the definitionsof Ty (v), T1 (v) andthe fact
thatk, > 1: Forary nodev € V,1 < P(v) < 6§, + 1.
Definethe potential P(e) of anedgee = {u, v} asfollows:

P(e) =1 if e={u,v}ands, # s,
=0 otherwise.

The potentialof the entire SDSis givenby P(G) = >, .y P(v) + > .cp Ple). It
canbe seenthat the initial potential P(G) (regardlessof the initial configuration)is
boundedby 3m + n. Further for eachnodev € V, P(v) > 1; thus,thepotentialof the
SDSatary timeis atleastn.

If the systemhasnot reacheda fixed point, thenat leastone nodev undegoesa
statechangeNow, fix a global stepin the dynamicevolution of the SDSandconsider
aparticularsubstepn which the stateof nodev changegrom a to b. This statechange
may modify the potentialof v andthe potentialsof the edgesncidentonv. It canbe
showvn thateachtime thereis achangen thestateof anode,P(G) decreaseby atleast
2. As aguedabove, theinitial valueof P(G) is atmost3m + n, andthevalueof P(G)
cannever be lessthann. Thus,the total numberof configurationchangess bounded
by [(3m + n) —n]/2 = 3m/2.

In other words, ary k-simple-threshold-SD$eachesa fixed point after at most
3m/2 stepsTheoremd follows. [

The above theorempointsout an interestingcontrastbetweenCA and SDSs.It is
easyto constructinstance®f k-simple-threshold-CAwith limit cycles.In contrastby
Theoremy, k-simple-threshold-SDSsave fixed pointsbut not limit cycles.

Theorem4 holds even when eachnode hasa different value of the thresholdk.

As obsened earlier every symmetricand monotoneBooleanfunction is a k-simple-
thresholdunctionfor somek. Thus, Theorem4 impliesthe polynomialtime solvability



of reachabilityproblemsfor SDSswith symmetricnmonotondocal transitionfunctions.
Theorem4 alsoshaws thatfor k-simple-threshold-SDS#he lengthof ary transients
atmost3m/2.

Theresultof Theorem4 canalsobe extendedto the casewhenthe local transition
function at nodew; is the zero-thresholdunction (i.e., a function whoseoutputis 1
for all inputs)or the (§; + 2)-thresholdfunction (i.e., a function whoseoutputis O for
all inputs).All nodeswith suchlocal transitionfunctionswill reachtheir final values
duringthefirst stepof theSDS.Thereforejn thiscasethenumberof SDSstepsneeded
to reachafixedpointis atmost3m/2 + 1.
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